Abstract. In this paper, we prove the global existence of general small solutions to compressible viscoelastic system. We remove the "initial state" assumption ( ρ0 det F0 = 1) and the "div-curl" structure assumption compared with previous works. It then broadens the class of solutions to a great extent, more precisely the initial density state would not be constant necessarily, and no more structure is need for global well-posedness. It's quite different from the elasticity system in which structure plays an important role. Since we can not obtain any dissipation information for density and deformation tensor, we introduce a new effective flux in the thought of regarding the wildest "nonlinear term" as "linear term". Although the norms of solution may increase now, we can still derive the global existence for it.
1. introduction 1.1. Compressible viscoelastic system. The three dimensional compressible viscoelastic system describes the physical motion coupling fluids and polymers [5, 6, 7] . It is one of the typical non-Newtonian fluids which exhibit elastic properties and can be written as      ρ t + ∇ · ( ρu) = 0, ( ρu) t + ∇ · ( ρu ⊗ u) + ∇P ( ρ) = ∇ · (2µD(u)) + ∇(λ∇ · u) + ∇ · W F (F )F T det F , F t + u · F = ∇uF.
(1.1)
Here ρ means the density and u is the velocity field of fluid. P ( ρ) stands for the scalar pressure which satisfies P ′ ( ρ) > 0 for any ρ. Strain tensor D(u) is the symmetric part of gradient ∇u, i.e., 1 2 ∇u+(∇u) T . F means the deformation tensor and W (F ) is the elastic energy function here. The coefficients µ and λ are assumed to satisfy µ > 0, 2µ + λ > 0. For more detailed physical background, we refer to [21, 25, 15] and references therein.
In a special case of the Hookean linear elasticity, W (F ) = |F | 2 , and then the incompressible viscoelastic system takes the form [2] , Recently, both the compressible system (1.1) and the incompressible system (1.2) have been studied extensively. To put our results in context, we shall first highlight some recent progress for these two systems.
First, for the incompressible case, we always consider the deformation tensor around a nontrivial equilibrium state and denote U = F − I as the perturbation. Under some "div" structure for initial data, i.e., ∇ · U T 0 = 0 and using basic energy analysis, one can find the divergence part ∇ · U is good enough while the curl part ∇ × U behaves roughly which brings the main difficulty. In 2D case, Lin, Liu and Zhang [25] studied an auxiliary vector field and proved the global existence of small solutions with the "div" structure (we refer to [22] for different approach). While in 3D case, other more structure is needed to deal with the wildest part ∇ × U . In [23] , Lei, Liu and Zhou found a so-called "curl" structure
which is physical and compatible with system (1.2). Under both "div" structure and "curl" structure, they regard ∇ × U as higher order terms, and then proved the results for global small solutions in 2D and 3D. Chen and Zhang [4] picked another "curl-free" structure ∇ × (F −1 0 − I) = 0 while proving the Cauchy problem. Under the same structure assumption, the initial-boundary value results were done by Lin and Zhang [26] . Hu and Lin [14] give the global weak solution with discontinuous initial data in 2D. The result of critical L p framework was given by Zhang and Fang [34] . Feng, Zhu and Zi [11] studied the blow up criterion. We also refer to [10, 24] for works about incompressible limit theory. Recently, the author [35] proved the global existence of small solutions to (1.2) without any physical structure in 3D. We refer to [3, 8, 12, 27, 28, 31, 32] for results considering the related models. Now, we turn to review the compressible case which is considered in this paper. Using the identity of variation:
one get from the third equation of system (1.1) that
Together with the first equality of system (1.1), we can derive the following conservation type law:
It then implies,
Thus, under the "initial state" assumption:
(notice here under Lagrangian coordinate, the "initial state" assumption is ρ 0 = 1) the compressible viscoelastic system (1.1) with Hookean elastic material becomes the following new one,
(1.4)
Similar to the incompressible case, if we consider the deformation tensor around a equilibrium state and denote U = F − I as the perturbation, we can then analyze the linearized system of (u, U ). Through the basic energy method, one can find ∇ · U behaves good under the following compressible "div" structure,
While ∇ × U is still out of control which brings the main difficulty. Indeed, the following "curl" structure seems needed.
In [30] , Qian and Zhang proved the global existence of small solutions to system (1.1) under the "initial state" assumption (1.3) and the "div-curl" structure (1.5), (1.6). They see the wildest part as higher order terms and then capture the dissipation properties. He and Xu obtained some bounded domain theorem in [13] . Hu and Wang [17] considered the multi-dimensional case. Wu, Gao and Tan [33] derived time decay rates for system (1.1). We refer to [1, 9, 16, 18, 19, 20, 29] for more related researches. By the line, all the theorems about the compressible viscoelastic system make full use of some structure assumptions.
The main goal of this paper is to establish the global existence of general small solutions to system (1.1) which mainly lies in the following two aspects.
• Show that the initial density state ( ρ 0 det F 0 or ρ 0 under Lagrangian coordinate)
would not be constant necessarily. Indeed, we shall get rid of the "initial state" assumption (1.3). Moreover, we can deal with system (1.1) directly now.
• Show that the structure would not be necessary in the global well-posedness theorem of compressible viscoelastic system (it's quite different from the elasticity system in which structure plays an important role). Concretely, get rid of the "div" structure (1.5) which shall bring difficulty in deriving the dissipation of ∇ ·U and get rid of the "curl" structure (1.6) which shall bring difficulty in deriving the dissipation of ∇ × U .
In a word, we'd like to broaden the class of solutions to compressible viscoelastic system (1.1) to a great extent. To achieve this goal, we want to show that under some proper and careful estimates, the dissipation mechanism of system (1.1) will be more clear even without any compatible condition.
Our main theorem can be stated as follows. 
here |∇| = (−∆) 1 2 . Then system (1.1) admits a unique global classical solution ( ρ, u, F ) and holds that,
is some positive constant. Remark 1.2. In Theorem 1.1, we only assume that initial data has small disturbance near the equilibrium state. Without any structure assumption, we can derive strongly dissipation of velocity filed like before. However, for the deformation tensor F , we only obtain the uniform bound of high frequency part. An interesting and arduous question is, whether the low frequency part of F admits uniform bound under this general initial data. Moreover, whether we can expect any decay information for the deformation tensor or not.
Formulation and analysis.
Without any structure assumption, it's difficult to derive the dissipation for the compressible viscoelastic system (1.1) directly. More extensively, without "div" structure, the basic energy balance law of ( ρ−1, u, F −I) is destroyed even in the linearized system. It seems impossible to obtain the damping mechanism of density ρ and deformation tensor F , even the uniform bound for ( ρ − 1, F − I) is out of reach now. In the thought of regarding the wildest "nonlinear term" as "linear term", we are then motivated to study some new quantity consists of the original ones. To overcome the difficulty above, in this subsection we shall introduce a new flux which is some suitable combination of effects from density and deformation tensor. We now give a brief overview of main ideas.
Step1. Reformulation to suitable dissipative system.
Without loss of generality, we set µ = 1, λ = 0 and define ρ = ρ − 1. We define the effective tensor G as follows,
In the first step, we shall derive the evolution of a more compatible system. Notice the definition of pressure P we can write,
On the other hand, through the third equation of system (1.1) and careful calculation one can achieve,
Combing (1.8) and (1.9) together, now we can obtain the evolution of effective tensor G,
Here the functions q(·) and g(·, ·) take the form,
(1.11)
Through the basic energy analysis, we can find that the system of (u, G) is not good enough due to the extra term P ′ (1)∇ · uI − ∇ · uI, even we consider the following linear system,
It implies that the effective tensor G can not reveal the decay information of the compressible viscoelastic system immediately. Thus, to explore the dissipation mechanism of system, some other flux is needed.
Remark 1.3. We should point out here, for the incompressible viscoelastic system (1.2), this troublesome term P ′ (1)∇ · uI − ∇ · uI is absent. And it can be seen as the main difference as well as the most difficulty term between the incompressible system and the compressible system in some sense.
Remark 1.4. In the previous works, to deal with the wildest nonlinear term ∇·
, people usually regard it as some higher order terms. Thus, structure assumption is needed. In this paper, we just regard this "nonlinear term" as "linear term" and derive some new system.
However, we find that the "div" part of G seems more compatible with u. We then introduce the following effective flux G as the new quantity,
And the evolution of G can be derived from (1.10) easily,
Here, P = I + (−∆) −1 ∇∇· denotes the projection operator and
Notice the unbalanced structure on the right hand side of (1.13), we shall next investigate the weighted velocity field Γu = (P + √ a P ⊥ )u. Here a = 1 + P ′ (1) is a constant. Hence, the new quantities (Γu, G) obey the following system,
( 1.14)
The next analysis and disposition are based on this brand new system.
Step2. Construction of energies in the new system of (Γu, G). Due to analysis of the following linearized system of (Γu, G),
we can give the basic and decay energies for the new system (1.13). More precisely, for any positive time t, basic energy E(t) is defined as follows,
Then we give the slightly dissipative energy V(t) like,
At last, we define the strongly dissipative energy W(t) which reveals the damping mechanism of system.
(1.15)
By the orthogonal property of operators P and P ⊥ in the sense of L 2 inner product, for any real index s, it holds that,
Naturally, the next step is to derive proper a priori estimates for these energies. Notice that, the new system (1.14) is still coupled with the original bad quantities (ρ, F − I). Hence, the above energy frame is not self-closed. Luckily, thanks to the above reformulation, to obtain the a priori estimates of (Γu, G), we only need the uniform bound of high frequency part of (ρ, F − I).
Step3. Back to the estimate of original quantities (ρ, F − I).
Recall that, without the "div-curl" condition (1.5) and (1.6), we shall only hope to obtain the bound estimate of (ρ, F −I) in the lack of any additional dissipation information.
By the strong dissipation of velocity involved in system (1.14) (also see energy W(t)), it enable us to derive the uniform bound for (ρ, F − I) in the following type norm,
Here, 0 < s 0 < 1 2 is some positive constant. We call A(t) the assistant energy and it plays an important role in achieving the dissipation for both systems. Compare (1.16) with the setting of initial data in Theorem 1.1 (i.e (1.7)), we will find that (1.16) only shows the uniform bound of high frequency part for solution (ρ, F − I). The main difficulty to get the uniform bound of low frequency part is the absent of basic balance law in linearized system for (u, ρ, F − I). It will also lead to the core estimate of this paper. Remark 1.5. Notice here, since there is no more structure assumption, we can not obtain any dissipation information for ρ and F . Indeed, the norms of solution may increase now.
Preliminaries
In this section, we will first introduce the notations which are used all through the work. And then give some useful propositions to help simplify the process of energy estimates.
2.1. Notations. Now, we introduce some notations. Since we consider the three dimensional case, the derivative
here X(R 3 ) means some space norm. The intersect space norm is defined as,
The real number Sobolev norms · H s and · Ḣs are defined as,
Here s is a real number andf (ξ) means the Fourier transform function of f (x) in R 3 . Throughout this paper, we use A B to denote A ≤ CB for some absolute positive constant C, whose meaning may change from line to line.
Some useful propositions.
Proposition 2.1. Assume that E(t) ≪ 1 holds on time interval [0, T ], then for any time t ∈ [0, T ] we have the following interpolation,
Proof. This interpolation type inequality directly comes from standard definition of Sobolev norms together with the Gagliardo-Nirenberg interpolation inequality. We omit the proof here for convenience.
With the help of Proposition 2.1, we only need to give the estimates for E(t) and W(t) in the next section. Proposition 2.2. For any smooth function f (·) around zero with f (0) = 0, if we assume v ∈ H 2 (R 3 ) and v H 2 < 1, then there holds that,
Proof. Notice the condition f (0) = 0 and using mean value theorem, we have
v for some smooth function r(·). Then, it's easy to get,
For the second inequality in (2.1), we only give the proof of case k = 2, and the other cases are in the similar way. Using Hölder inequality and Sobolev imbedding theorem, we directly have,
Which completes the proof of this proposition.
Proposition 2.3. For any positive time t, we can derive the following time integral estimates of u and G.
Proof. We now give the proof step by step. First, using Gagliardo-Nirenberg interpolation inequality, we know that for p > 6 there holds,
Hence, using Hölder inequality we have,
Applying Young's inequality, we then completes the proof of the first part. We omit the proof for the other terms here since the estimates are in a similar way.
The following product type estimates are often used throughout the next section, we give them in the Proposition 2.4.
(2.
Proof. By Sobolev imbedding theorem and Hölder inequality, there is,
It gives the proof for the first inequality in (2.2). For the second inequality in (2.2), the process is almost the same. We omit it here for convenience. Now, let us focus on the time integral estimates in (2.3). Using (2.2) and Proposition 2.3, notice the definition of h 1 , V(t) and W(t) we can derive,
Y. ZHU
And for the second inequality in (2.3), we can use the similar method,
Energy estimates
In this section, we shall derive the a priori estimates for the basic energy E(t), the strongly dissipative energy W(t) and the assistant energy A(t) respectively. Before the process, we shall give the total energy E total (t) in the following,
.
= E(t) + V(t) + W(t) + A(t).
Since the estimate of assistant energy is relatively clear and direct than other type energies, we will give the a priori estimate for A(t) firstly.
In the following, we always assume that (ρ, u, F ) is the smooth solution of system (1.1) on R 3 × [0, T ] for some positive T > 0 with E total (T ) ≪ 1.
The estimate of assistant energy A(t).
The bound of A(t) can be stated in the following lemma.
Lemma 3.1. Assume that energies are defined as in Section 1, we then have the following inequality, Proof. From the first equation of system (1.1) and notice ρ = ρ−1, using Hölder inequality and Sobolev imbedding theorem, we directly get the following estimate,
A(t) A(0) + A(t)E total (t)
Notice here 0 < s 0 < 1 2 is a constant. Hence, integrating (3.2) with time and applying Proposition 2.3, we can derive the estimate,
The estimates of other terms in A(t) are similar, we omit them here for convenience.
The estimate of basic energy E(t)
. Now, we turn to deal with the basic energy E(t). From the second equation in system (1.1) and notice the definition of G in Section 1, we can write (without loss of generality, set µ = 1, λ = 0),
Applying operator Γ = P + √ a P ⊥ on the equation of velocity in (3.3), we can derive the following system of (Γu, G),
where the functions q, g are defined as in (1.11). The bound of E(t) can be stated as the following lemma.
Lemma 3.2. Assume that energies are defined as in Section 1, we then have the following inequality,
Proof. The proof for Lemma 3.2 consists of two separate energy-type estimates. Firstly, we define partially basic energy E 1 (t) as follows,
We shall first derive the estimate of E(t) now.
Step One: Applying derivatives ∇ k |∇| −1 (k = 0, 1, 2, 3) on the first equation of system (3.4) and taking inner product with ∇ k |∇| −1 Γu. Then applying derivatives ∇ k |∇| −2 on the second equation of system (3.4) and taking inner product with ∇ k |∇| −2 G. Summing them up, there is,
where,
We then turn to give the bounds for the five terms on the right-hand side of (3.6).
The first term E 1 just contains appropriate cancellation, using integration by parts we can derive,
For the next term E 2 , using Hölder inequality and keeping Γv L 2 ∼ v L 2 in mind, it easily yields that,
Applying Proposition 2.2 and Proposition 2.4 to above, we then get the following bound,
(3.8)
Now, we turn to the term E 3 . We can denote
which is a smooth function of ρ and satisfies the condition f (0) = 0. Then it's easy to get,
Notice Proposition 2.4, we then have,
To estimate the norms of f (ρ) we can apply Proposition 2.3 and directly get,
Similarly, for the forth term E 4 , according to Proposition 2.3 and 2.4, we can write,
(3.10)
Finally, we turn to the last term E 5 . Through straight calculation we can obtain,
Thus, using Hölder inequality and Sobolev imbedding theorem, we then have,
and,
Recall that constant 0 < s 0 < 1/2, then using Proposition 2.2, Proposition 2.3 and Proposition 2.4, we can now derive the bound
Now, we combine the estimates for E 1 ∼ E 5 together, namely (3.7), (3.8), (3.9), (3.10) and (3.11). Integrating equality (3.6) with time, we then derive the bound of E(t) defined in (3.5). It's obvious that,
Step Two:
In the next, we focus on the time integral term of effective flux G and derive the a priori estimate. Operating derivatives ∇ k |∇| −1 , (k = 0, 1, 2) on the equation of velocity (3.3), then taking inner product with ∇ k |∇| −1 G, summing them up there yields,
To give the estimate of E 6 , we just use Hölder inequality and derive,
(3.12)
For the term E 7 , applying Proposition 2.4 and Propostion 2.2 it's natural to get,
Now, according to Proposition 2.3 and Sobolev imbeding theorem, it yields that,
. (3.13)
For the last term E 8 , we can use integration by parts to split it into the following two terms,
Notice the second equation of system 3.4, according to Proposition 2.4 and Proposition 2.2 we can derive,
Hence, integrating |E 8 | over (0, t) and using Sobolev imbedding theorem and Proposition 2.3, it's obvious that,
(3.14)
Combing the estimates (3.12), (3.13) and (3.14) together, we then get the bound of
Using Young's inequality and notice Proposition 2.1, we then complete the proof of this lemma.
3.3. The estimate of strongly dissipative energy W(t). In this subsection, we shall move on to handle the strongly dissipative energy W(t). We give the following lemma. Lemma 3.3. Assume that energies are defined as in Section 1, we then have the following inequality,
Proof. At the beginning of proof, we recall the system of (Γu, G) in which
Like the process in Lemma 3.2, we still separate the proof into two steps. Firstly, we define partially dissipative energy W(t) in the following,
In the next, we shall derive the estimate for W(t) via energy method.
Step One: Applying derivatives ∇ k (k = 1, 2) on the first equation of system (3.15) and taking inner product with ∇ k Γu. Applying derivatives ∇ k−1 on the second equation in (3.15) and taking inner product with ∇ k−1 G. Adding the time weight (1 + t ′ ) 2 respectively and summing them up, there is, 17) and,
For the first term W 1 , through Proposition 2.1 it directly shows that,
The estimate of W 2 is similar to E 1 and we use some cancellation to extinguish this term. Using integration by parts, there is,
Using integration by parts and Hölder inequality, we can get the estimate of W 3 like,
And it implies that,
For the next term W 4 , we apply Hölder inequality and Proposition 2.2, it then becomes,
Obviously, it yields,
Similarly, using Sobolev imbedding theorem we can give the estimate for W 5 right now,
The next term is W 6 and we can write,
Using integration by parts and Sobolev imbedding theorem again, it then yields,
Thus, applying Proposition 2.1 we can get,
(3.23)
Now, we combine the estimates for W 1 ∼ W 6 together, namely (3.18), (3.19) , (3.20) , (3.21), (3.22) and (3.23) . Integrating equality (3.17) with time, we then derive the bound of W(t) defined in (3.16). It's obvious that,
Step Two: Next, we focus on the time integral term of ∇G and derive the a priori estimate. Operating derivative ∇ on (3.3) and taking inner product with ∇G. Adding the time weight (1 + t ′ ) 2 and summing them up it then becomes,
In which,
∇∆u∇G dx,
∇ u · ∇u + f (ρ) G + ∆u ∇G dx,
For the term W 7 , by Hölder inequality it directly shows that,
(3.24)
Applying Proposition 2.4 and Proposition 2.1 to W 8 we can derive,
(3.25)
For the last term W 9 , we still use integration by parts to split it into three terms,
∇u∇G t dx W 9,1 + W 9,2 + W 9,3 .
Notice the second equation of system (3.15) and like before, we then have,
∇u∇ ∆Γ 2 u − ∇ · (u · ∇G)
+ ∇(q∇ · u) − ∇ · g(∇u, F ) dx
Indeed, there is, In this section, we will combine the above a priori estimates for the basic energy E(t), the dissipative energy W(t) and the assistant energy A(t) together. And finally give the proof of Theorem 1.1. Recall that the total energy defined in Section 3 are in the form, E total (t) .
= E(t) + V(t) + W(t) + A(t).
Due to the Lemma 3.1, the Lemma 3.2 and the Lemma 3.3, notice the Proposition 2.1 and Young's inequality, we can find some positive constant C * and there holds, E total (t) ≤ C * E total (0) + C * E total (t) Through the local existence theory which can be achieved via standard energy method, there exists a positive time T holds that,
Let T * be the largest possible time of T for which (4.2) holds. We then need to shall the fact T * = ∞. Using standard continuation argument, if ǫ is small enough, the energy estimate (4.1) implies the conclusion. We omit the details here and complete the proof of Theorem 1.1.
